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The Hamiltonian approach to General Relativity is developed similarly to the Wheeler-DeWitt
Hamiltonian cosmology, where the cosmological scale factor is treated as a time-like dynamic variable
and its canonical momentum is considered as an evolution generator in the field space of events with
the postulate about a physical vacuum as a state with the minimal eigenvalue of this generator.
The cosmological scale factor is extracted from the Hamiltonian General Relativity without double
counting of the spatial metric determinant in contrast to the standard cosmological perturbation
theory. The Friedmann-like equations in the exact theory are derived. A new version of cosmological
perturbation theory keeps the form of the Newton interactions in an early Universe. We show how
the considered Hamiltonian approach to GR can solve the topical problems of modern cosmology
and quantum theory of gravitation.
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Introduction
The status of the cosmological scale factor in the mod-
ern theory is ambiguous. The standard Hamiltonian ap-
proach to General Relativity (GR) [1, 2, 3, 4, 5] ignores
the scale factor by the choice of the corresponding class
of functions where the gauge of minimal surface [1] with
the unit scale factor is possible. The Wheeler - DeWitt
Hamiltonian cosmology [6, 7, 8, 9] considers the scale fac-
tor as an independent dynamic variable. In the standard
cosmological perturbation theory [10, 11, 12] the scale
factor is treated rather as the external homogeneous field
than an independent dynamic variable. From this point
of view all these three branches of GR appear as three
different theories.
The questions arise: What is the version of the Hamil-
tonian GR defined on the class of functions that includes
the cosmological scale factor? What is the version of the
cosmological perturbation theory, where the scale factor
plays the role of an independent dynamic variable?
In the present paper, to answer these questions, we use
a deep analogue between GR and Special Relativity (SR)
[6] with the field space of events as the generalization of
the Minkowski space of SR and the cosmological scale
factor playing the role of a time-like variable in this field
space.
This time-like variable and the corresponding Hamil-
tonian dynamics can be revealed in a specific frame of
reference defined in [1, 2, 3, 4, 5]. Fixation of this specific
frame is associated with a set of instruments for measur-
ing fields and keeps the number of variables in contrast
to fixation of gauge constraints decreasing the number of
dynamic variables.
To separate the gauge transformations from the frame
ones, it is natural to use the representation of the geomet-
ric interval in terms of the Cartan forms introduced in
GR by Fock [13]. The Cartan forms are gauge invariant
and relativistic covariant [14].
The content of the paper is the following.
In Section I, the Dirac Hamiltonian approach to GR
is considered in terms of the Cartan forms in order to
separate the frame transformations from the gauge ones.
In Section II, arguments are listed in favor of the solu-
tion of the topical problems of the Hamiltonian approach
to GR by the choice of an evolution parameter in the field
space of events as the cosmological scale factor.
In Section III, the Hamiltonian approach to GR with
the cosmological dynamics is developed as a new version
of cosmological perturbation theory.
I. DIRAC HAMILTONIAN APPROACH TO
GENERAL RELATIVITY
A. The action, metric, and symmetry
In order to state problems, we consider the Dirac ap-
proach [1] to the Einstein-Hilbert action
SGR[ϕ0|e] = −
∫
d4x
√−gϕ
2
0
6
R(g), (1)
where
ϕ20 =
3
8pi
M2Planck, ~ = c = 1,
given in the space with the interval
ds2 = ηαβω(α)ω(β) ≡ gµνdxµdxν , (2)
ηab = diag(1− 1− 1− 1), (3)
where
ω(α) = e(α)µdx
µ, (4)
2are the linear Cartan forms [5, 13]. These forms allow us
to include fermions and other fields f , if Standard Model
will be added
S[ϕ0|e, f ] = SGR[ϕ0|e] + SSM[ϕ0|e, f ], (5)
and separate the gauge transformations from the frame
transformations [14]. In particular, the Cartan forms
ω(α) are invariant under the general coordinate trans-
formations
xµ −→ x˜µ = x˜µ(x0, x1, x2, x3) (6)
treated as gauge ones (that are accompanied by the con-
straints). The Cartan forms ω(α) covariant under the
Lorentz transformations of type
ω¯(0) =
ω(0) − V ω(1)√
1− V 2 ,
ω¯(1) =
ω(1) − V ω(0)√
1− V 2 ,
ω¯(2) = ω(2),
ω¯(3) = ω(3)
(7)
treated as transformations of frames of references. Re-
call that the latter (i.e., frame transformations) are as-
sociated with conservation numbers and keep number of
variables, whereas the first (i.e., gauge ones) lead to con-
straints [1] that decrease the number of variables.
B. Frame of reference
A choice of a Lorentz frame in GR means the fixation
of the Lorentz indices (α) in the Cartan forms (4) and
their classification into the time-like ω(0) and space-like
ones ω(a).
The Hamiltonian dynamics is formulated in the specific
Lorentz frame using the Dirac – ADM 3 + 1 foliation of
the Cartan forms [1, 2, 15]
ω(0) = Ndx
0, (8)
ω(a) = e(a)i(dx
i +N idx0); (9)
here triads e(a)i form the spatial metrics
g
(3)
ij = e(a)ie(a)j ; g
(3)ij=ej(a)e
i
(a).
Following Dirac [1] one can factorize the determinant of
the spatial metrics eliminating factor ψ2 from triads
e(a)i = ψ
2
e(a)i, det |e| = 1, (10)
N = Ndψ
6. (11)
One can use the symmetric parametrization of the Car-
tan forms w(a) = e(a)idx
i as a nonlinear realization of
equiaffine symmetry [14].
The Dirac-ADM parametrization characterizes a fami
ly of hypersurfaces x0 = const. with the unit normal vec-
tor να = (1/N,−Nk/N) to a hypersurface. The second
(external) form
pi(a)i =
1
Nd
[
(∂0 −N l∂l)e(a)i − e(a)l∂iN l
]
=
= ψ2
[
d(a)i + 2e(a)ipiψ
]
, (12)
where
d(a)i =
1
Nd
[
(∂0 −N l∂l)e(a)i+
+
1
3
e(a)i∂lN
l − e(a)l∂iN l
]
(13)
and
piψ =
1
Nd
[
(∂0 −N l∂l) lnψ − 1
6
∂lN
l
]
, (14)
shows us how this hypersurface is embedded into the four-
dimensional space-time.
The internal 3-dimensional scalar curvature (3)R(e) af-
ter transformation (10) takes the form
(3)R(e) =
1
ψ4
(3)R(e) +
8
ψ5
△ψ, (15)
where (3)R(e) is the curvature in terms of triads: e(a)i.
C. The action in terms of the Dirac variables
In such a way we can decompose the action (1) into
three terms: kinetic K, potential P, and surface S
SGR[ϕ0|e] =
=
∫
dx0d3x (K[ϕ0|e]−P[ϕ0|e] + S[ϕ0|e]) , (16)
where
K[ϕ0|e] = Ndϕ20
[
1
24
(
d(a)je
j
(b) + d(b)ie
i
(a)
)
×
×
(
d(a)je
j
(b) + d(b)ie
i
(a)
)
− 4pi2ψ
]
, (17)
P[ϕ0|e] = Ndϕ
2
0ψ
12
6
(3)R(e), (18)
S[ϕ0|e] = 2ϕ20
[
∂0piψ − ∂l(N lpiψ)
]−
− ϕ
2
0
3
∂j [ψ
2∂j(ψ6Nd)]; (19)
here we used the definitions (13) and (14).
The equations obtained from the action (16) have am-
biguous solutions for metric components that depend on
the initial data and gauge. To remove gauge ambiguity,
3one needs to fix coordinates by gauge constraints. Follow-
ing Dirac [1] we fix physical coordinates by the constraint
of transversality:
∂ie
i
(a) = 0 (20)
and the minimal surface [1]:
piψ = 0, (21)
where piψ is given by (14).
D. The Dirac Hamiltonian and gauges
The Dirac-ADM parametrization of the metrics [1, 2]
leads to the GR action in the Hamiltonian approach
SGR[ϕ0|e] =
=
∫
dx0
{∫
d3x
[
pk(a)∂0e(a)k − pψ∂0ψ
]
−Hd
}
, (22)
where
Hd =
∫
d3x
[
NdHd(ϕ0|e)−N(a)P(a)−
−C0pψ − C(a)∂kek(a)
]
(23)
is the Dirac Hamiltonian; Nd, N(a), C0, C(a) are La-
grangian multipliers,
Hd(ϕ0|e) = 1
ϕ20
[
6p(ab)p(ab) −
p2ψ
16
]
+
ϕ20ψ
12
6
(3)R(e),
(24)
P(b) = ∂jpj(b) +
[
pj(a)F(a)kj − T 0k
]
e
k
(b) (25)
are the local Hamiltonian density and the local momen-
tum, where we distinguished the energy momentum ten-
sor depending on the trace of the second form
T 0k = pψ∂kψ −
1
6
∂k(pψψ) (26)
and used the notation
pψ =
1
Nd
∂K[ϕ0|e]
∂piψ
, pi(a) =
∂K[ϕ0|e]
∂(∂0e(a)i)
(27)
p(ab) =
1
2
[
pi(a)e(b)i + p
i
(b)e(a)i
]
, (28)
F(b)ij = ∂ie(a)j − ∂je(a)i. (29)
Variation of the action (22) under the Lagrange multipli-
ers Nd, N(a) leads to the first class constraints
Hd = 0, P(a) = 0, (30)
and variation with respect to C0, C(a) leads to the second
class constraints
pψ = 0, ∂ke
k
(a) = 0. (31)
The conservation of the minimal surface
∂0pψ = {Hd, pψ} = 0 (32)
means the equation of motion of the spatial metric de-
terminant which we denote formally as the variation of
the action with respect to logψ
ei(a)
δS
δe(a)i
=
1
2
δS
δ logψ
= −4P[ϕ0|e] + 2S[ϕ0|e] = 0,
(33)
where P[ϕ0|e], S[ϕ0|e] are defined by Eqs. (18) and (19)
where piψ = 0. Note that Eq. (33) defines the differential
operator Aˆ[ϕ0|e]:
Aˆ[ϕ0|e]Nd ≡ −4P[ϕ0|e] + 2S[ϕ0|e]. (34)
The Poisson brackets of the constraints take the forms{
pψ,
∫
d3yHdF
}
= 2Aˆ[ϕ0|e]F, (35){
∂ke
k
(a),
∫
d3yP(b)F(b)
}
= Bˆ(a)(b)F(b), (36)
where
Bˆ(a)(b)F(b) = ∂(b)∂(a)F(b); (37)
here we used the notation ∂(a)f = e(a)i∂if .
E. Problems of the Dirac Hamiltonian approach
Using the Poisson brackets (35), (36) one can formally
write the Faddeev – Popov (FP) functional integral [5]
over the set of variables f = (ψ, e(a)i), their canonical
momenta pf = (pψ , p
i
(a)), and the Lagrange multipliers
C = (C0, C(a)), N = (Nd, N(a))
ZFP =
∫ ∏
x
dCdN
∏
f
dpfdf
2pi

× (det Aˆ)(det Bˆ)ei(S+s.t.) (38)
with the surface term (s.t.) treated as an energy. Eq.
(33) AˆNd = 0 shows us that det Aˆ = 0, and it is a prob-
lem of the Gribov copies of the minimal surface gauge.
Faddeev and Popov proved [5, 16] that the integral (38)
is not equivalent to the one in relativistic invariant har-
monic gauge ∂µ(
√−ggµν) = 0 which does not depend on
a frame of reference. This means that the functional inte-
gral (38) with the minimal surface depends on the frame
4of reference. Such the dependence does not contradict to
relativistic covariance. (Recall that according to the the-
ory of unitary irreducible representations of the Poincare
groups (see [17]) the relativistic invariance means the in-
variance of a complete set of frames of reference with
respect to the Lorentz transformations. Therefore only
the complete set of functional integrals with minimal sur-
faces repeated in each frame of reference is relativistic
invariant.)
It is well known [5] that the Dirac formulation of quan-
tum theory faced also the problems of non-localizable
energy, arrow of time, ultraviolet divergences, singular-
ity, and initial data. Moreover, the minimal surface con-
straint contradicts the observational data of the Hubble
expansion rate H because pψ ∼ H 6= 0. There is an
opinion that including the cosmological scale factor as
an evolution parameter allows us to solve these problems
[19, 20]. The necessity of the similar evolution parame-
ter in Special Relativity and cosmology follows from the
invariance of GR under reparametrizations of the coor-
dinate time (6).
II. THE WHEELER - DEWITT SR/GR
CORRESPONDENCE
A. Time as a variable in Special Relativity
The dynamics of a relativistic particle is determined
by the action
SSR = −
∫
dτ [−pµ∂τxµ +
e(1)
2m
(pµp
µ −m2)] (39)
given in the space of events [x0|xi] and the proper time
interval ds = e(1)dτ . Both the action and interval are
invariant under reparametrization of the coordinate time
denoted here as τ → τ˜ = τ˜(τ). These reparametriza-
tions are treated as gauge transformations that lead to
the mass-shell constraint pµp
µ − m2 = 0. That means
that there are no instruments for measurement of the
coordinate time τ .
It is known [21, 22] that there are two measurable times
in SR: the time as a variable x0(τ), and the time as an
interval ds = e(1)dτ . The time as the variable is revealed
when the mass-shell constraint pµp
µ−m2 = 0 is solved in
the specific frame with respect to p0 (p0 = ±
√
p2i +m
2)
treated as an energy in the space of events. To remove
the negative values of the energy, one postulates the ex-
istence of a vacuum as a state with minimal energy. This
postulate restricts the region of the motion of a particle
in the space of events, so that for the positive energy
p(+)0 = +
√
p2i +m
2 a particle goes forward x0 > x0I ,
and for the negative energy p(−)0 = −
√
p2i +m
2 a par-
ticle goes backward x0 < x0I , where x
0
I is treated as the
initial data of the time-like variable. (In quantum theory
the initial point x0I is treated as a point of creation of
a particle with positive energy p0 ≥ 0, or as a point of
annihilation of a particle with positive energy when the
energy of events is decreased p0 ≤ 0.)
The motion of a particle with positive energy in the
space of events can be described by the reduced action
SSR(energy constraint) = −
∫
dx0[pi∂0xi −
√
p2i +m
2]
(40)
defined as the action (39) on the constraint p(+)0 =
+
√
p2i +m
2 depending on a frame of reference. We can
see that in the reduced action one of the dynamic vari-
ables (x0) in the space of events [x0|xi] plays the role of
the physical evolution parameter, while its momentum
p0 is the corresponding generator of evolution.
However, the reduced action (40) loses a geometric in-
terval ds = e(1)dτ with the coordinate time τ , whereas
action (39) contains the relation between the dynamic
evolution parameter x0 and the geometric interval s. This
relation can be obtained by varying the action (39) with
respect to the momentum p0
δSSR
δp0
= 0 =⇒ ds = e(1)dτ = ± dx
0√
p2 +m2
m. (41)
Thus, the complete description of a relativistic particle
can be given by two equivalent unconstrained systems:
the dynamic (40) and the geometric one [18]. As it was
proposed by Wheeler and DeWitt [6], it is just the way
to solve the similar problems in GR.
B. Reparametrization-invariance in GR
A gauge group of the Hamiltonian approach in the spe-
cific frame of reference is considered as a group of diffeo-
morphisms [15] of the Dirac-ADM parametrization of
the metric (8), (9)
x0 → x˜0 = x˜0(x0); xi → x˜i = x˜i(x0, x1, x2, x3) , (42)
N˜ = N
dx0
dx˜0
; N˜k = N i
∂x˜k
∂xi
dx0
dx˜0
− ∂x˜
k
∂xi
∂xi
∂x˜0
. (43)
These transformations conserve the family of hypersur-
faces x0 = const., and they are called a kinemetric sub-
group [15, 23] of the group of general coordinate trans-
formations (6). The group of kinemetric transformations
contains reparametrizations of the coordinate time (42).
This means that there are no physical instruments that
can measure this coordinate time x0. That requires in-
troducing the evolution parameter as one of dynamical
variables, as we have seen in SR. This time-like dynamic
variable is identified with the scale factor in the Wheller
– De Witt (WDW) Hamiltonian cosmology [6].
C. The WDW Hamiltonian cosmology
In the Hamiltonian cosmology one uses the Wheeler–
Dewitt SR/GR correspondence between coordinate times
5[τ/x0], dynamic variables [x0|xi]/[ψ|F ], and gauge sym-
metries [(τ → τ˜)/(x0 → x˜0)] [6]. Wheeler and DeWitt
proposed to consider the spatial metric determinant ψ as
the dynamic evolution parameter. In the homogeneous
approximation this time-like variable ψ2(x0, xi) becomes
the cosmological scale factor a(x0).
The WDW cosmology with the dynamic evolution pa-
rameter is defined as a homogeneous approximation of
the theory (5) in the space-time with the interval
ds = a2(x0)[N20 (x
0)(dx0)2 − (dxi)2], (44)
where the Hamiltonian Hd in the action (22) is replaced
by its expectation value V0ρ. In this case, the action (22)
reduces to a constrained mechanical system of the type
of SR [6, 7, 8, 9]
Sc =
∫
dx0
[
−Pϕ∂0ϕ+N0
(
P 2ϕ
4V0
− ρ0(ϕ)V0
)]
, (45)
where ϕ(x0) = ϕ0a(x
0), ρ0(ϕ) does not contain internal
dynamic variables except for ϕ, and the lapse functionN0
plays the role of the Lagrange multiplier. The equation
of N0
P 2ϕ
4V0
− ρ0(ϕ)V0 = 0 (46)
is the energy constraint with the solution
Pϕ = ±E, (47)
where
E = 2V0
√
ρ0(ϕ). (48)
The theory (45) was considered in a similar way as the
theory of a relativistic particle in the space of events [6, 7]
with the cosmological scale factor ϕ defined as a time
of events, Pϕ considered as the “energy of events”, and
postulating the vacuum state with the minimal energy.
One can consider how this WDW SR/GR correspondence
with the vacuum postulate solves the problems of cosmo-
logical singularity, initial data and arrow of the time in
the Hamiltonian cosmology.
The vacuum postulate restricts the motion of the Uni-
verse in the field space of events and it means that for
positive energy of events Pϕ ≥ 0 the Universe moves for-
ward ϕ > ϕI , and for negative Pϕ ≤ 0, moves backward
ϕ < ϕI , where ϕI is the initial data. In quantum theory
ϕI is treated as a point of creation of the Universe with
positive energy Pϕ ≥ 0, or as a point of annihilation of
the anti-Universe with positive energy (when the energy
of events decreases Pϕ ≤ 0). We can see that the point of
singularity ϕ = 0 belongs to the anti-Universe: Pϕ < 0.
The Universe with the positive energy of events does not
contain the cosmological singularity ϕ = 0.
This WDW analogy of the Universe with a relativistic
particle allows us to get the causal Green function
G(ϕI |ϕ) = G+(ϕI |ϕ)Θ(ϕ − ϕI)+
+G−(ϕI |ϕ)Θ(ϕI − ϕ), (49)
where G−(ϕI |ϕ) = G+(ϕ|ϕI) is the probability to find
the Universe at the point ϕ, if the Universe was at the
point ϕI .
If we quantize the constrained system (45) after the
solution of the constraint Pϕ = ±E, the Green function
G+(ϕI |ϕ) satisfies the linear version of the WDW equa-
tion
(Pˆϕ − E(ϕ))G+(ϕI |ϕ) = 0; Pˆϕ = −id/dϕ. (50)
In this case a solution of this equation can be written in
the form
G+(ϕI |ϕ) = exp
{
i
∫ ϕ
ϕI
dϕ¯E(ϕ¯)
}
. (51)
The status of conformal time η in the Hamiltonian
cosmology follows from the variation of the action (45)
with respect to the momentum pϕ that gives pϕ = 2V0ϕ
′
(ϕ′ = dϕ/dη). The substitution of this equation into the
energy constraint (46) leads to a conformal version of the
Freedman equation
ϕ′2 = ρ0(ϕ); ϕ
′ =
dϕ
dη
; dη = N0dx
0, (52)
where η is the conformal time. The solution of (52)
η(ϕI , ϕ) = ±
∫ ϕ
ϕI
dϕ√
ρ0(ϕ)
(53)
admits any sign and values of η and ϕ > 0, besides the
point singularity ϕ = 0.
It is easy to show that the vacuum postulate leads to
the arrow of the conformal time (53) η(ϕI , ϕ) > 0: for
both the Universe Pϕ > 0, ϕ > ϕI and the anti-Universe
Pϕ < 0, ϕI < ϕ.
Thus, the treatment of the cosmological scale factor
as the time-like dynamic variable (and its canonical mo-
mentum as the evolution generator of motion in the space
of events restricted by the vacuum postulate) gives us a
possibility to solve the topical problems of cosmological
singularity, the Hubble evolution, arrow of time, and ini-
tial data (see Appendix A).
III. HAMILTONIAN GENERAL RELATIVITY
WITH COSMOLOGICAL DYNAMICS
A. Separation of cosmological scale factor in GR
SR and cosmology gave us the set of arguments in the
favor of the consideration of the evolution parameter as
a cosmological scale factor in GR. The cosmological scale
factor can be included in the theory (5) by the conformal
transformations of all fields with the conformal weight
(n): F (n) = anF¯ (n), including the Cartan forms
ω(α) = aω¯(α), ψ
2 = aψ¯2. (54)
6It is just the definition of the cosmological perturbation
theory [11, 12], if we substitute this conformal transfor-
mation into equations of motion. It is logically correct, if
the scale factor is treated as an external field parameter.
However, in our case of the Hamiltonian approach to
GR the scale factor will be considered as a dynamic vari-
able, to convert it into the dynamic evolution parameter.
There is an essential difference between an external
field parameter and an internal dynamic variable. In
the first case we can consider the theory on the level
of equations of motions. In the second case, to deter-
mine the complete set of canonical momenta, the scale
factor should be introduced into the GR action as a dy-
namic variable. The substitution of the transformation
(54) into the action (5) leads to the expression
S[ϕ0|F ] = S[ϕ|F¯ ] + V0
∫
dx0ϕ(x0)∂0
(
∂0ϕ
N0
)
, (55)
where S[ϕ|F¯ ] is the sum of the initial GR action (16)
SGR[ϕ|e] =
∫
dx0d3x (K[ϕ|e]−P[ϕ|e] + S[ϕ|e]) (56)
and the SM one (5) with the running masses including
the Planck mass ϕ = ϕ0a, V0 =
∫
d3x is the volume of
the Dirac coordinate space,
N0(x
0)
−1
= V −10
∫
V0
d3xN¯−1d (x
0, xi) ≡ 〈N¯−1d 〉 (57)
is the averaging of the corresponding inverse Dirac lapse
function over the spatial volume. The averaging lapse
function N0(x
0) determines the geometric time ζ
dζ = N0(x
0)dx0. (58)
After the substitution of (54) into the action its spatial
determinant part (SDP) takes the form (to surface terms)
SSDP = −V0
∫
dx0
[
4ϕ2〈N¯dp¯i2ψ〉+
+4ϕ∂0ϕ〈p¯iψ〉+ (∂0ϕ)2〈N¯−1d 〉
]
, (59)
where the first term arises from the kinetic part K[ϕ|e],
the second goes from the ”surface” one S[ϕ|e], as it is not
the total derivative if the constant ϕ0 is replaced by the
scale factor after the conformal transformation, and the
third term is the action for the scale factor,
p¯iψ = N¯
−1
d
[
(∂0 −N l∂l) log ψ¯ − 1
6
∂lN
l
]
(60)
is the velocity deviation of logarithm of the spatial de-
terminant
logψ2 = log a(x0) + log ψ¯2. (61)
The scale factor is a dynamic variable, its canonical mo-
mentum can be obtained by the variation of the La-
grangian (59) with respect to velocity ∂0ϕ
Pϕ ≡ ∂LSDP
∂(∂0ϕ)
= −2V0ϕ′ − 4V0ϕ〈p¯iψ〉, (62)
while the averaging of the canonical momentum of the
spatial determinant is
〈p¯ψ〉 ≡ 〈 ∂LSDP
∂(∂0 log ψ¯)
〉 = −8ϕ2〈p¯iψ〉 − 4ϕϕ′, (63)
here after ϕ′ = dϕ/dζ. It is easy to convince that the
canonical momenta pα = [Pϕ, 〈p¯ψ〉] could not be ex-
pressed in terms of the velocities piα = [ϕ
′, 〈p¯iψ〉] as the
corresponding set of equations
pα = Dαβpiβ , (64)
where the matrix
Dαβ =
(
D11, D12,
D21, D22,
)
=
( −2V0, −4ϕ,
−4V0ϕ, −8ϕ2,
)
(65)
has the zero determinant |Dαβ | = 16V0ϕ2 − 16V0ϕ2 = 0.
This means that the action (59) is singular due to the
double counting of the spatial determinant variable.
To remove the double counting, the field variable log ψ¯
in Eq. (61) should be defined in the class of functions
distinguished by the strong constraints∫
V0
d3x log ψ¯ ≡ 0,
∫
V0
d3xp¯iψ ≡ 0. (66)
These constraints are nothing but the orthogonality of
the scale factor and its velocity to the deviation of the
spatial determinant logarithm (log ψ¯).
After that the action (55) takes the form
S[ϕ0|F ] =
∫
dx0
{
V0ϕ(x
0)∂0
(
∂0ϕ
N0
)
+
+
∫
d3x (K[ϕ|e¯]−P[ϕ|e¯] + LSM)
}
, (67)
where LSM is the Lagrangian density of the SM model,
N0 is defined by eq. (57), and K[ϕ|e¯] and P[ϕ|e¯] are
given by eqs. (17) and (18) respectively, where ϕ0, e are
replaced by ϕ, e¯.
In this case, the scale factor momentum Pϕ is com-
pletely separated from the local momentum p¯ψ, which
satisfies the week Dirac constraint of the minimal sur-
face:
p¯ψ ≃ 0. (68)
This separation allows us to get a version of the Fried-
mann equations in the exact theory.
7B. Friedmann-like equations in exact theory
The equation of the lapse function
N¯d
δS[ϕ0|F ]
δN¯d
= 0 (69)
takes the form
ϕ′2
N = NHt, (70)
where
N = N¯d
N0
(71)
is the reparametrization invariant part of the lapse func-
tion (57) satisfying the constraint 〈N−1〉 = 1 and
Ht = Hd(ϕ|e¯) +Hs (72)
is the sum of the Hamiltonian density (24), where ϕ0, e
are replaced by ϕ, e¯:
Hd(ϕ|e¯) =
6p(ab)p(ab)
ϕ2
+
ϕ2ψ¯8
6
[
(3)R(e) +
8∆ψ¯
ψ¯
]
, (73)
and
Hs = ψ¯12T 00(SM). (74)
is Hamiltinian density of the Standard Model fields given
by the zero-zero component of the energy momentum ten-
sor T µ
ν(SM)
Averaging Eq. (69) over the volume V0 leads to the
Friedmann-like equation in the exact theory
〈N¯d δS[ϕ0|F ]
δN¯d
〉 = 0 ||=⇒ ϕ′2 = ρt, (75)
where
ρt ≡ 〈NHt〉 (76)
is the total generator of evolution under the geometric
time ζ (58) of all dynamic variables except the scale fac-
tor.
The second equation of the Friedmann cosmology is
obtained by the variation of the action (67) with respect
to the scale factor ϕ
ϕ
δS[ϕ0|F ]
δϕ
= 0 ||=⇒ 2ϕϕ′′ = ρt − 3pt, (77)
where
3pt ≡ 〈3K[ϕ|e¯]−P[ϕ|e¯] + 2S[ϕ|e¯] +Nψ12T kk(SM)〉 (78)
is the exact pressure of all fields including the SM ones.
Equations (75) and (77) give the relation
2ϕ′2 + 2ϕϕ′′ ≡ (ϕ2)′′ = 3(ρt − pt) = 〈AˆtN〉, (79)
where the expression
AˆtN ≡ 4P[ϕ|e¯]− 2S[ϕ|e¯]+
+ ψ12
(
3T 00(SM) − T kk(SM)
)
N (80)
determines the equation of log ψ¯ (33) added by the SM
fields:
1
2
δS[ϕ0|F ]
δ log ψ¯
= 0 ||=⇒ AˆtN = 〈AˆtN〉. (81)
The second equation for the deviations from the av-
erage can be obtained by the substitution of (75) into
(69)
〈NHt〉
N = NHt. (82)
In the infinite volume limit V0 →∞, Eqs. (82) and (81)
are converted into the zero Hamiltonian density Ht = 0
and the Gribov zero AˆtN = 0 because the averages 〈H〉
and 〈AˆtN〉 are equal to zero. In the case of a finite
volume the paradoxes of the coordinate time evolution
considered in Section 2 can be removed by the change
the order of the infinite volume limit and variation of the
action like in QFT and statistical physics.
C. Cosmological geometro - dynamics
All equations considered above can be reproduced by
varying the action in the Hamiltonian approach
S[ϕ0|F ] =
∫
dx0
{
−Pϕ∂0ϕ+N0
P 2ϕ
4V0
+
+
∫
d3x
[∑
F
PF ∂0F + C −NdHt
]}
, (83)
where PF is the set of the field momenta, Nd = N0N ,
and
C = N(a)Pt(a) + C0pψ + C(a)∂kek(a) (84)
is the sum of constraints. In this Hamiltonian approach
the expressions Ht (72) and Aˆt (80) do not depend on
N .
Recall that in the standard Hamiltonian approach
without the scale factor considered in Section I we have
the energy constraint Ht = 0, whereas in the scheme of
the Hamiltonian approach with the scale factor we get
two energy constraints (as we have seen above in Eqs.
(75) and (82)): the global
P 2ϕ
4V0
= Ht ≡
∫
d3xNHt (85)
and the local one (82). The global constraint (85) defines
the effective Hamiltonian
Pϕ = ±2
√
V0Ht. (86)
8treated as a generator of evolution of all physical fields F
in the field space of events [ϕ|F ] with respect to the field
evolution parameter ϕ. The local constraint (82) means
that only nonzero harmonics of the local energy density
are equal to zero in perturbation theory.
Solutions of the equations of the theory (83) in terms of
the geometric time (58) determine the geometric interval
(2), (8), (9)
ds2 = ω2(0) − ω2(a), (87)
where
ω(0) = a(ζ)ψ
6Ndζ, (88)
ω(a) = a(ζ)ψ
2(e(a)idx
i +N(0)dζ). (89)
Recall that the invariant geometric time ζ (58) is defined
by the Friedmann-like equation in the exact theory (75):
dϕ
dζ
≡ ϕ′ = ±
√
ρt(ϕ). (90)
The solution of (90)
ζ(ϕ0|ϕI) = ±
∫ ϕ0
ϕI
dϕ√
ρt(ϕ)
(91)
can be considered as a pure relativistic relation between
the evolution parameter ϕ and geometric time (58).
Equations (77) and (90) describe Friedmann-like cosmol-
ogy without any assumption about homogeneity as pure
relativistic effects of the Hamiltonian description of GR
in the field space of events.
D. Hamiltonian reduction and the red shift
representation
In this approach Eq. (82) can be solved immediately:
N = 〈
√Ht〉√Ht
. (92)
This solution corresponds to the positive energy of events
(86)
Pϕ(+) = 2V0ϕ
′ = 2V0〈
√
Ht〉. (93)
The substitution of Eq. (92) into Eq. (83) leads to the
reduced Hamiltonian action
S(+)[ϕI |ϕ0]|energy constraint =
=
ϕ0∫
ϕI
dϕ
{∫
d3x
[∑
F
PF∂ϕF + C¯ − 2
√
Ht
]}
(94)
like Eq. (40) in SR, here ϕI is a point of the Universe
creation, C¯ = C/∂0ϕ and the scale factor ϕ plays the role
of a dynamic evolution parameter in the space of events
[ϕ|F ]. One can be convinced that varying this reduced
action with respect to log ψ¯ copies Eq. (81) where N
is determined by Eq. (92). The action (94) gives the
evolution of fields directly in terms of the red shift pa-
rameter connected with the scale factor ϕ by the relation
ϕ = ϕ0/(1 + z).
The local energy density Ht (72) can be given as a sum
of the homogeneous cosmological density (considered in
the action (45)) and the local density of a particle-like
excitations
Ht = ρ0(ϕ) +Hpart. (95)
Using the nonrelativistic decomposition of the square
root
√Ht in the reduced action (94)
ϕ0∫
ϕI
dϕ
∫
d3x2
√
ρ0(ϕ) +Hpart =
=
ϕ0∫
ϕI
dϕ
∫
d3x
[
2
√
ρ0(ϕ) +
Hpart√
ρ0(ϕ)
]
+ ... (96)
and the definition of the conformal time (53) dη =
dϕ/
√
ρ0(ϕ)( that coincides in the approximation with
the geometric one ζ) one can obtain the reduced action
(94) in the form of the sum
S(+)[ϕI |ϕ0]|energy constraint = Sc + Spart + . . . , (97)
where the first term is the reduced cosmological action
(45) and the second is an ordinary action of particle ex-
citations in terms of the conformal time
Spart =
η0∫
ηI
dη
∫
d3x
[∑
F
PF ∂ηF + C¯ − Hpart
]
(98)
with the running masses m(η) = a(η)m0, that describe
the cosmological creation of particles [23]. Note that in
quantum field theory the interaction is separated at first√
ρ0 +H=
√
ρ0 +H(2) +HI/
√
ρ0 +H(2), which leads to
a form factor decreasing the ultraviolet divergences [19].
E. Hamiltonian cosmological perturbation theory
Let us compare on the classical level the Hamiltonian
cosmological perturbation theory with the conventional
one [10, 11], where the cosmological factor is considered
as an external field with double counting of the spatial
determinant. The cosmological perturbations of the met-
ric components
N = (1− ΦN − 3Φh), ψ =
(
1 +
Φh
2
)
, (99)
de(a)i = dh
(TT )
(a)i , (100)
9N(a) = ∂(a)σ +N
T
(a); ∂(a)N
T
(a) = 0, (101)
in the new cosmological perturbation theory
ω(0) = a(η)(1 − ΦN )dη, (102)
ω(a) = a(η)(1 + Φh)×
×(dxi(a) + h(TT )(a)i dxi + ∂(a)σdη +N (T )(a) dη), (103)
are defined in the class of functions with the nonzero
Fourier harmonics
Φ˜(k) =
∫
d3xΦ(x)eikx (104)
satisfying the strong constraint
∫
d3xΦ(x) ≡ 0. In the
same way one can decompose the energy-momentum ten-
sor components:
T 00 sm = ρs + T
(1)
00
; T kk sm = 3ps + T
(1)
kk
, (105)
where ρs, ps are the SM model density and pressure. The
first order of the decomposition of expressions (17), (18),
(19) is
K
(1) = 0, P(1) =
2ϕ2
3
△Φh, S(1) = −ϕ
2
3
△ΦN . (106)
In the approximation Φh,ΦN ≪ ρs, ps Eqs. (81) and
(82) for the scalar components take the form
T˜
(1)
00 =
2ϕ2k2
3
Φ˜h + 2ρsΦ˜N , (107)
T˜
(1)
00 + T˜
(1)
kk = −9(ρs − ps)Φ˜h+
+
(
2ϕ2k2
3
− 5ρs + 3ps
)
Φ˜N (108)
added by the Dirac minimal surface constraint
△σ = 3
4
Φ
′
h. (109)
In the Newton case: ps, ρs ≪ ϕ2k2, we obtain the stan-
dard classical solutions:
Φ˜h =
3
2ϕ2k2
T˜
(1)
00 ; Φ˜N =
3
2ϕ2k2
[
T˜
(1)
00 + T˜
(1)
kk
]
. (110)
For the tensor and vector components we got the equa-
tions
T
TT
ik =
ϕ2
12
[
−△h(TT )ik +
(ϕ2hTTik
′
)
′
ϕ2
]
; (111)
(∂iT
(TT )
ik = T
(TT )
ii = 0), (112)
T
0 (T )
k = −
ϕ2
12
NT(a); (∂kT
0 (T )
k = 0). (113)
Eqs. (107), (108), (111), and (113) determine six com-
ponents (ΦN , Φh, N
T
(a), h
TT
ik ) of the metric in the Dirac
gauge of the minimal surface (109) that determines the
longitudinal component ∂(a)σ of the shift vector (101).
The Hamiltonian form of the cosmological perturba-
tion theory does not require its convergence to be proved
because the perturbations are in a different class of func-
tions (with nonzero Fourier harmonics) than the cosmo-
logical dynamics described by the exact equations (76),
(77). In contrast to the standard cosmological perturba-
tion theory the Hamiltonian version contains the shift of
the coordinate origin in the process of evolution, and the
Newton-like form of interactions appears after resolving
the constraints.
F. Cosmological generalization of the
Schwarzschild solution
The substitution
Nψ = ψ7N (114)
allows us to extract the nabla operator △ = ∂(a)∂(a) in
Eqs. (81) and (82):
AˆtN = 〈AˆtN〉; NHt = 〈NHt〉N ,
where
AˆtN ≡ 4P− S+ ψ5Nψ(3T 00 − T kk ) (115)
NHt ≡ P+K+ ψ5NψT 00 , (116)
so that the expressions for P and S take the form
P =
4ϕ2
3
Nψ△ψ + ϕ
2
6
NψR(e), (117)
S =
ϕ2
3
(Nψ△ψ − ψ△Nψ). (118)
In the case when P and S are equal to zero, we come to
the equations
△Nψ = 0, △ψ = 0, R(e) = 0. (119)
Solutions of these equations are
ψ = 1 +
rg(ζ)
4r
, (120)
Nψ = 1− rg(ζ)
4r
, (121)
where rg(ζ) =M3/4piϕ
2 is the gravitational radius.
It is easy to see that the standard Schwarzschild metric
in the vacuum T µν = 0 can be treated as a solution of the
Einstein equation in the approximation, where we neglect
the dependence of masses on the geometric time: rg(ζ) ∼
rg(ζ0) = constant. The generalization of the standard
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Schwarzschild solution in conformal flat metric can be
written in terms of the Cartan forms (8), (9)
ω(0) =
Nψ
ψ
dζ, (122)
ω(r) = ψ
2
(
dr +
V ′
r2ψ6
dζ
)
, (123)
ω(θ) = ψ
2r2dθ, (124)
ω(ϕ) = ψ
2r2 sin θdϕ; (125)
here
V (r, ζ) =
r∫
dr¯ r¯2ψ6(r¯, ζ) (126)
determines the radial component of the shift vector sat-
isfying the minimal surface constraint (68).
G. The vacuum postulate and the Faddeev –
Popov integral
In the considered version of GR with the vacuum pos-
tulate, the probability to find the Universe at the point
(ϕIFI), if the Universe was created at the point (ϕ0F0),
is determined by the causal Green function similar to
expression (49)
G(ϕIFI |ϕ0F0) = G+(ϕIFI |ϕ0F0)Θ(ϕ0 − ϕI)+
+G+(ϕ0F0|ϕIFI)Θ(ϕI − ϕ0), (127)
where
G+(ϕIFI |ϕ0F0) =
=
∫ ∏
x
[
dψdN(a)dC(a)
∏
F
(
dPF dF
2pi
)]
×
×D exp{iS+[ϕI |ϕ0]}, (128)
here S+ is the reduced action given by Eq. (94)),
C(a), N(a) are the Lagrange factors (see Eqs. (83), (84)),
and D is the Faddeev – Popov determinant:
D = det AˆtdetBˆ, (129)
Aˆt and Bˆ are defined by (80) and (36). We can see that
the functional integral does not contain Gribov ambiguity
(AˆtN 6= 0) and zero-energy (H 6= 0), and it is defined
in terms of the invariant evolution parameter ϕ. This
functional integral and postulate about the existence of
physical vacuum as a state with the lowest energy (E =
Pϕ > 0) solve on the level of exact theory the topical
problems of cosmology: initial data (F (ϕ = ϕI) = FI),
arrow of time (η > 0), and cosmological singularity (ϕ 6=
0, ϕ > ϕI).
This functional integral does not contradict the Hamil-
tonian cosmology (45) (where the conformal time is an in-
variant under reparametrizations of the coordinate time
and the scale factor is the internal dynamic variable),
and can be considered as the generation functional of the
Hamiltonian cosmological perturbation theory presented
in Subsection III E.
H. Discussion
The Hamiltonian dynamics of GR was formulated
[1, 2, 3, 4, 5] by analogy with the Newton theory of
nonrelativistic particle considered as a representation of
the Galilei group. In the present paper, we try to for-
mulate the Hamiltonian GR theory by analogy with the
theory of a relativistic particle formulated as a construc-
tion of unitary irreducible representations of the Poincare
group. We can find all elements of this construction in the
Hamiltonian cosmological perturbation theory: the field
space of events [ϕ|F ] containing, time-like variable ϕ, its
canonical momentum Pϕ as the evolution Hamiltonian,
the vacuum postulate, and the separation of observables
into the dynamic sector and the geometric one.
In contrast to the Newton mechanics the theory of a
relativistic particle (SR) contains the coordinate nonmea-
surable evolution parameter and two measurable evolu-
tion parameters: the time as a dynamic variable and the
time as a geometric interval (see Fig.1).
The WDW SR/GR correspondence allows one to con-
sider the Universe as an ordinary physical object given
in the space of events in specific frame of reference simi-
lar to a relativistic particle given in the Minkowski space
(see Figs. 1, 2).
The SR/GR correspondence means that we should
point out the time-like dynamic variables in a specific
Lorentz frame and separate all measurable quantities into
the dynamic sector and the geometric one.
The “equivalent” unconstrained Hamiltonian theory
obtained by resolving a constraint can describe only the
dynamic sector.
PARTICLE
Ψ(X0|Xi)
X1
X2
X0=X0I
Ψ (s|qi)P0=E
q2
q1
ds
X0
FIG. 1: The world line [s] of a relativistic particle in the space
of events [X0|Xi] with the initial data [X0I |qI ] treated as the
point of creation of the particle.
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UNIVERSE
Ψ(ϕ  |F)=A+ψ +A-ψ∗
Ψ(s|G)
Pϕ =E
ϕ=ϕ0
ϕ
e
F
ϕ=ϕI
ds
FIG. 2: The world hypersurface [s] of the Universe in
the space of events [ϕ|F, eaµ] with the vacuum initial data
[ϕI |G, e
I
aµ] treated as the point of creation of the Universe.
Expression (127) determining the probability of the
creation of the world hypersurface in the space of events
together with the geometric interval in a specific frame
of reference solves the problems of the Dirac formulation
[1, 5]: the nonlocalizable energy, arrow of time, comolog-
ical singularity, and the initial data.
Faddeev and Popov proved in [5, 16] that the integral
(38) is not equivalent to the one in the relativistic invari-
ant harmonic gauge ∂µ(
√−ggµν) = 0, which does not de-
pend on a frame of reference. This means that the func-
tional integral with the minimal surface (127) depends
on the frame of reference, and the problem of relativistic
invariance of the Hamiltonian formulation arises.
It is worthwhile to recall that the same problem arises
also in SR, where in accordance with the theory of
unitary irreducible representations of the Lorentz and
Poincare groups the relativistic invariance means the in-
variance of a complete set of frames of reference with
respect to the Lorentz transformations (see [17]). In our
case, the functional integral (127) should be repeated in
each frame of reference of the complete set, so that the
complete set of functional integrals with minimal surfaces
is relativistic invariant.
IV. CONCLUSION
We investigated General Relativity under the suppo-
sition that the evolution parameter of its Hamiltonian
description coincides with the cosmological scale factor.
The resulting Hamiltonian theory added by the vacuum
postulate becomes free from the defects of the stan-
dard Hamiltonian approach and contains the cosmolog-
ical Friedmann-like sector. The obtained Hamiltonian
cosmological theory differs from the standard Lifshits-
Bardeen cosmological perturbation theory [10, 11, 12],
where the cosmological scale factor is treated as an ex-
ternal field with the double counting of the spatial met-
ric determinant. In contrast to the standard cosmological
perturbation theory the Hamiltonian version contains the
shift of the coordinate origin in the process of evolution,
and the Newton-like form of interactions appears after
resolving the constraints.
It is interesting to apply this cosmological Hamiltonian
approach to GR for the description of the CMB fluctua-
tions.
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Appendix A: Field nature of time
To introduce the conformal time η as a new field vari-
able and its nonzero momentum as a proper energy of the
geometric space of events, we can use the Levi-Civita-
type canonical transformation [20, 24]: (Pϕ|ϕ) → (Π|η)
to convert the energy constraint into a new canonical
momentum Π. We consider this transformation using as
an example the case of the Universe filled in by photons
when ρ0(ϕ) = const. In this case, this transformation
takes the form
Pϕ = ±2
√
ΠV0, ϕ = ±1
2
√
Π
V0
η. (A.1)
The action (45) becomes
Sc =
∫
dx0 [−Π∂0η +N0 (Π− ρ0V0)] . (A.2)
After the reduction the non-zero energy Π = V0ρ0 corre-
sponding to the invariant conformal time appears. The
reduced action takes the form
S = V0
η0∫
ηI
dηρ0 = V0ρ0(ηI − η0). (A.3)
In quantum theory, where Π = d/idη, the geometric evo-
lution is described by the wave function
ψgeometric(η) = e
iV0ρ0(ηI−η0). (A.4)
The Hubble evolution ϕ = ϕ(η) is treated as a pure rela-
tivistic effect of the relation between two supplementary
descriptions of the relativistic Universe by means of two
wave functions: the field (51) and the geometric (A.4)
ones.
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Appendix B: Central gravitational fields
Let us consider the central gravitational field produced
by a single mass object
T 00 =M
[
δ3(x)− V −10
]
, T kk = 0. (B.1)
(see Eqs. (109), (110)). Equation (110) can be trans-
formed into the integral form
Φ(x) =
3
4piϕ2
∫
d3x
T00
|y − x|
∣∣∣∣
T00=Mδ3(x)
=
rg
r
, (B.2)
where r =
√
x21 + x
2
2 + x
2
3 and
rg =
3M
4piϕ2
= 2GM ; (B.3)
here by definition ϕ = ϕ0a, M = M0a and ϕ0 =√
3/8piG.
In the case of Tkk = 0, it follows from Eq. (109) that
the shift vector Ni is
N i =
(
3r′g
4
)
xi
r
. (B.4)
After substitution of the solutions (B.2) and (B.4) into
the conformal interval we have
ds2c =
(
1− rg
r
)
dη2 −
(
1 +
rg
r
)(
dxi +
3
2
xi
r
r′gdη
)2
;
(B.5)
here ds2c = ds
2/a2(η).
In the case of point mass distribution with the density
T00 =
∑
I
MIδ
3(zI − x) (B.6)
the components of the metric Φ, N i are
Φ(x) =
N∑
I=1
rgI
|x− zI | (B.7)
N i =
N∑
I=1
3r′gI
4
(x− zI)i
|x− zI | (B.8)
The conformal interval
ds2c = (1− Φ)dη2 − (1 + Φ)(dxi +N idη)2 (B.9)
determines an equation for the photon momenta
pµpνg
µν ≃ (p0 +N ipi)2(1 +Φ)− p2j(1−Φ) = 0, (B.10)
from which we obtain
p0 ≃ −N ipi + (1− Φ)|p|; |p| =
√
p2i . (B.11)
Finally, we obtain the relative magnitude of spatial fluc-
tuations of a photon energy in terms of the metric com-
ponents (the potential Φ and shift function N i)
p0 − |p|
|p| = −(N
ini +Φ); ni =
pi
|p| . (B.12)
The appearance of spatial anisotropic fluctuations of the
photon energy in the flow of photons is the consequence
of the minimal surface (B.4).
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